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ABSTRACT: This paper develops a tool for the stability anal-
ysis of hysteretic controlled voltage source converters that are
connected to a power system. Each VSC is controlled by a state
feedback control input to a hysteretic comparator. A suitable
model of the converter is first developed by including the state
feedback gains and hysteretic switching controller design. The
model is then extended to incorporate parallel operation of two
VSCs. To consider autonomous operation, droop controllers are
incorporated in the model. A linearized model of the system is
developed for eigen analysis. It has been shown that the system
response predicted by the developed model matches PSCAD si-
mulation results very closely. Since hysteretic control is widely
used for commercial converters, the model developed can be used
as an analytical tool.

Index Terms: Voltage source converters, autonomous opera-
tion, linear quadratic control, stability analysis.

1. INTRODUCTION

N THE PAST few decades, the use of power converters, has

become more common in uninterrupted power supply (UPS)
application as well as in interfacing the micro sources in a
distributed generation (DG) system. In a UPS application, the
parallel operation of the converters can provide solution to
improve capability, reliability and redundancy. In a distributed
generation system, the micro sources, especially the intermit-
tent types (like wind and solar), are interfaced through voltage
source converters (VSCs) to the network [1].The converter can
be used to maximize the energy yield from the micro source,
control of output power and to improve power quality. The
parallel connected converters control the power flow and qual-
ity by controlling the power conversion between the dc bus
and the available grid [2].

Current regulator instability in parallel VSCs has been dis-
cussed in [3], in which a simple method of paralleling struc-
tures with carrier-based PWM current regulators to independ-
ently regulate each inverter’s current is employed. The insta-
bility between the parallel inverters and the common motor
can result in large uncontrolled currents, when the current
regulators enter PWM overmodulation region, resulting in a
loss of current control.

A current/load sharing mechanism has to be employed to
avoid the overloading of any converters, especially when mul-
tiple converters operate in an autonomous mode. Control of
output power using output feedback is commonly used. Since
the output currents of the converters are regulated at every
switching instant, even with the harmonics in the output cur-
rent, converters can share the current as desired.
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The load sharing or the real and reactive power sharing can
be achieved by controlling two independent quantities — fre-
quency and the fundamental voltage magnitude [4, 5]. In [4], a
control method for a converter feeding real and reactive power
into a stiff system with a defined voltage is proposed, while
[5] proposes a control scheme to improve the system transient
stability. Both the paper uses frequency droop characteristics.
In this paper however an angle droop is used as the power
sharing mechanism [6].

A multi-converter system with instantaneous power sharing
control is effectively a high order multi variable system. The
VSCs should be controlled in such a manner that ensures a
stable operation of the system. The system stability during
load sharing has been further explored in [7-10]. Transient
stability of a power system with high penetration level of
power electronics interfaced (converter connected) distributed
generation is explored in [7]. In [8], small-signal stability
analysis of the combined droop and average power method for
load sharing control of multiple distributed generation systems
(DGs) in a stand-alone ac supply mode is discussed. The over-
all dynamics of the regulated converter is described in [9],
where the characterization of regulated converters is addressed
to enable the assessment of the stability, performance, supply
and load interactions as well as transient responses. The stabil-
ity analysis in autonomous operation is shown in [10] in a hy-
brid system, where a wind-PV-battery system is feeding an
isolated single-phase load.

In this paper, the theory for the analysis of hysteretic VSCs
operating in a power system is developed. Under mild as-
sumptions, the standard line dynamic analysis tools such as
eigen-study become possible. There are two main tools availa-
ble to analyze converters operating in power systems. The first
uses controlled fundamental frequency voltage sources, which
ignores transients associated with the connecting filters [11].
The second approach uses the switch state averaging of pulse
width modulated signals [12]. The quality of the hysteretic
converter modeling is demonstrated in this paper on the spe-
cial case of two VSCs closely connected. The novel contribu-
tion of this paper is that the widely used hysteretic converters
can now be modeled as a part of a power system using linear
tools.

In this paper, we have developed and verified the hysteretic
converter model step-by-step. The converter structure and its
control are discussed for a single converter in Section II. The
mathematical model of a single hysteretic VSC is developed in
Section III. The model not only includes the hysteretic switch-
ing controller, but also develops the reference values and the
transformation of the state space equation to a common refer-
ence frame. In Section IV, two such converter models are
combined to verify the operation when two VSCs are operat-
ing in parallel. The model for the parallel operation of two



VSCs is further developed to include the power sharing based
on droop equations in Section V. In Section VI, the model of
the two VSCs, operating in parallel and sharing power through
droop equations, is linearized. Based on the linearized model,
the eigenvalues are derived and compared with results ob-
tained from a detailed switching time domain simulation.

II. CONVERTER STRUCTURE AND CONTROL

In the analysis presented below, the uppercase letters indi-
cate rms values, while the lowercase letters indicate instanta-
neous values. In this paper, all the DGs are assumed to consist
of ideal dc voltage source supplying a voltage of V. to a VSC.
The structure of the VSC is shown in Fig. 1. The VSC con-
tains three H-bridges that are supplied from the common dc
bus. The outputs of the H-bridges are connected to three sin-
gle-phase transformers that are connected in wye for required
isolation and voltage boosting [13]. The resistance Rr
represents the switching and transformer losses, while the in-
ductance Ly represents the leakage reactance of the transfor-
mers. The filter capacitor Cyis connected to the output of the
transformers to bypass switching harmonics, while L,
represents an added output inductance of the DG system. To-
gether Ly, Crand Ly form an LCL or T-filter.
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Fig. 1. Converter structure.

The equivalent circuit of one phase of the converter is shown
in Fig. 2. In this, u-V,. represents the converter output voltage,
where u is the switching function and is given by u ==+ 1. The
main aim of the converter control is to generate u. From the
circuit of Fig. 2, the following state vector is chosen

2=l i v (M)
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Fig. 2. Single-phase equivalent circuit of VSC.

Then the state space equation of the system can be written as

z=Az+Bu+Cv, 2)
where u is the switching function and
Ry /LT 0 - 1/LT Vdc/LT 0
A= 0 0 l/Lf ,B=| 0 |,C= —l/Lf
1/ ¢ - 1/ oy 0 0 0

The main aim of the converter control is to generate u,. from
a suitable state feedback control law such that the output vol-
tage and current are tracked properly according to their refer-
ences. It is easy to generate references for the output voltage v,
and current i; from the fundamental power flow requirements
However, the same cannot be said about the reference for the
current iy [2]. On the other hand, once the reference for v, is
obtained, it is easy to calculate a reference for the current i,
through the filter capacitor (see Fig. 2).

To facilitate this, we define a new state vector as [2]

L =lii vl 3)
We then have the following state transformation matrix
1 -1 0
x=[0 1 0(z=Cpz @)
0 0 1

The transformed state space equation is then given by combin-
ing (2) and (4) as
x=C,AC,'x+C,Bu+C,Cv, (5)

If the system of (5) is sampled with a sampling time of A7,
then its discrete-time description can be written in the form

x(k+1)= Fx(k)+ Gu(k)+ Hv, (k) (6)

To control the converter, we shall employ a discrete time li-
near quadratic regulator (LQR), which minimizes the objec-
tive function

J = 3 [eli)= 3 () QL) o )22 (k)

to obtain the control of the form
Ue (k) = _K[x(k)_ Xref (k)]
= [kl ky ks ][xref (k)_ x(k)]
= kl (icref - ic )+ k2 (i/i‘e_f - if )+ k3 (vcref Ve )

(7

where x,.s is the reference vector and K is the feedback gain
matrix. From u.(k), the switching function is generated as

If u,(k)> h then u = +1

8
elseif u, (k)< —h thenu = —1 ®)

where / is a small number.

A Linear Quadratic Regulator is shown to produce an infi-
nite gain margin and a phase margin of at least 60° [14]. This
has been used in [2] robust hysteretic LQR state feedback



switching controller. The following example demonstrates the
effectiveness of this control.

Example I: In this example, let us assume that the VSC of
Fig. 1 is connected to an infinite bus at the PCC. The system
parameters considered for the study are given in Table I. To
design the discrete-time controller, we have chosen a diagonal
state weighting matrix as Q = diag(1 1000 10) and the control
weighting as » = 0.01. This choice of Q emphasizes a maxi-
mum tracking effort on iy and a minimum effort on i.. The
sampling time is chosen as 10 ps. The resultant gain matrix is
K =1[0.4338 8.3977 0.8405].

The desired converter output voltage is 11 kV (L-L, rms)
(which translates into an instantaneous phase voltage of 8.98
kV peak) with a phase angle of 30° with respect to PCC vol-
tage. This sets the references of the currents from simple cir-
cuit laws. The peak of i;reference is 59.195 A with an angle of
15°, while the peak of i, reference is @ C;9.98x10° A and its
phase angle 60°, i.e., leading v, by 30°. The nine instantaneous
reference quantities (3 for each phase are formed) and are
tracked using the control law given in (7) and (8).

Table-1: System parameters for Example 1.

System Quantities Values
Systems frequency
PCC voltage V,

PCC voltage phase

50 Hz
11 kV (L-L, rms)
0° (Reference)

DC voltage V. 3.0kV

Single-phase transformers 3//11 kV, with 10% leakage reactance
(Ly=31.8 mH)

Transformer losses Ry 0.1Q

Filter capacitor Cy 50 uF

Filter inductance L, 250 mH

This simulation and all the subsequent PSCAD simulations
use an integration step size of 10 us. Each VSC is modeled by
IGBTs and anti-parallel diodes, with their associated RC
snubber circuits. Each IGBT or diode is modeled by its on and
off resistance, forward voltage drop, forward breakover vol-
tage, reverse withstanding voltage and snubber parameters.
The average switching frequency is 15 kHZ.
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Fig. 3. Voltage and current tracking in Example 1.

The results are shown in Fig. 3, which shows the results of
only one phase. The behavior of the other two phases is simi-
lar and is not shown here. Phase-a converter output voltage
(vea) and the injected currents (ig,) and their references (dotted
lines) are shown in this figure, along with the control input u,,.

It can be seen that the control input reaches the zero value
within 2% cycles (0.05 s). From (7), u. = 0 corresponds to a
sliding plane in (i, is v.) space. With LQR design of the gain
matrix, this usually implies the rapid convergence to the refer-
ences as evident from Fig. 3.

During the initial reaching phases, the control input spends
effort in trying to reach the sliding plane. Once the converter
control reaches the sliding plane, its dynamics can be modeled
as a reduced order linear system, which is described in the
next section.

III. MATHEMATICAL MODEL OF A VSC

In this section, a composite model of the converter in the d-
q domain is developed, which also includes the controller.
Traditional sliding mode design consider a function S and con-

trol such that SS<0. Then the system will approach S = 0,
which is called the sliding line [15, 16]. When a finite switch
rate constraint is applied, the system will chatter around S = 0,
at the switching frequency. Provided that the switch frequency
is sufficiently high, the power system impact at switch fre-
quency will be negligible. We also assume that the load dis-
turbances are small enough that the rate of change of current is
within the capability of the converter thus the model of the
system being on the sliding line will be valid.

A. Converter Model

From equivalent circuit shown in Fig. 2, the following eq-
uations are obtained for each of the phases of the three-phase
system

di=—ﬁl’]~ + (_Vc+uc'Vdc) (9)
dt Ly Ly
dve _ i) (10)
dt Cf

di
Ve =V, =Lf—f (1)

Equations (9-11) are transformed into a d-q reference frame of
converter output voltages, rotating at system frequency w,
where a-b-c to d-g transformation matrix P is given by

I 2z 27 |
cos(a)t) coS wt—T CcOoS (l)t+T

2| . . 2 . 2
P=Z=|-sin(wr) —sin wi—L] —sinlwe+2Z || (12)

3 3 3

! 1 1
| 2 2 2 ]
Defining a state vector as
zi=ligg Iy iy iy Ve ch]T (13)
the state equation in the d-g frame is given by

2y =42+ Botegy + Covpay (14)

where u,4, and v,,, are two vectors containing the d and q axis
components of u. and v, and the matrices A4,,B.; and C,; are



obtained by combining (9)-(12). Let us now define a new state
vector as

(15)

s . . . T
Xi = [lcd leq Y lfg Ved ch]

Then using a transformation similar to (4), we get the follow-

ing state equation
X; =A;x; + B,-udq +Cv

(16)

From (7), the d and q components of the sliding plane are giv-
en as

pdq

Ucq Sq
=H. L o—x = 17
|:ucq:| i (xre_/dq Xi ) |:Sq :| ( )
where
! 0 & 0 Kk 0 K

rs . . . T
xre_/dq - [lcdref lcqref l fdref l faref vcdref chrgf ]

To analyze the system, we transform the state variables to a
new vector w as

(18)

Then, from (17), the states of (15) can be written in terms of
(18) as

W = Xi Xrefidg = LiXi T L'iXyefd,
040 14 046 T i

where 0,,, is an nxm null matrix and 7, is nxn identity matrix.
From the above we get the two following equations

. . T
w; =[S, Sq lgg lgy Ved ch]

(19)

X; = 7;'_1 (Wi - F}xrequ) (20)
W =TX; + FiXopug (21)
From (16) and (21), we get
w; =T, (Aixi +Bittgy + Civ gy )+ FiX, g (22)
Substituting (20) in (22), we get
iy = AT, =LA Fixuy + T By, 2
+TCY iy + FiXpopay

Since ug, is chosen such that S; = §; = 0, we can eliminate
them from the state vector w;
Let us define a new state operator such that

Vi = [lfd ifq Ved ch]T = N[Wi (24)

where N; = [04X2 14]. Now since w; = N,-Ty,- and N.F; = N.T,B;

=0, (23) can be re-expressed as

.)'/i = ‘Zlyl + E[xrqqu + Eivpdq (25)

where

Zi = NiTiAiTi_lNiTﬂ Ez = _NiTiAiTi_lEﬁ (_jz =N.TC,

B. Computation of References

To solve the state equation (25), the reference vector Xy, is
required as input. In this sub-section, we shall discuss how
they can easily be written in terms of the known quantities.
We must however remember that all the d-q quantities are
expressed in the reference frame of the converter output vol-
tages. Let us define the three-phase instantaneous reference
converter output voltages as

Vearef = ch Sin(a)t)’ Vebref = ch Sin(a)t - 1200)7
=V, sin(wt+120°)

Vccref :

Then the transformation (12) will result in

Vcdref _ 0
Vegref - ~Vem

Consequently, the reference for the capacitor currents that are
leading the corresponding voltages by 90° are given as

bedref | _ |:cha)cf:|
icqref 0
The expression for the power and reactive power are given by

(28)

(26)

@7

P= %(vdid + vqiq)

Q=%®m—w@) (29)

Let the real and reactive power that are desired to be injected
to the PCC by the converter be denoted respectively by P,
and Q.. Then from (26), (28) and (29), we can write

lrer | _ 2 | Oryr

ifq” ef 3ch P” ef
Combining (26), (27) and (30) we form the reference vectors
in terms of V., P,rand Q.

(30)

C. Transformation into a Common Reference Frame

The reference quantities are defined in terms of the refer-
ence frame of the converter output voltage. These need to be
converted into a common reference frame. Let us choose the
PCC voltage as the common reference frame D-Q. Let also the
angle between the PCC voltage and the converter voltage be .
Then the relation between these two frames is shown in Fig. 4.
From these figure we can write

fp| [cosd —sind| fy Ja
Jo| |sind cosd || f, Sy
All the reference d-q quantities are pre-multiplied by T to

transform them in D-Q frame. The converter equation (25) can
then be re-written as

€2y

V= Ziyi + EixrngQ + Ei"pDQ (32)

Note that the states also get transformed into D-Q. However
the subscripts are avoided here for brevity.
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Fig. 4. Relation between d-q and D-Q frames.

Example 2: The system parameters chosen for this example
are the same as those given in Example 1. For this case, the
real and reactive power injected by the converter are 770.3 kW
and 206.4 kVAr respectively. The time response of the state
equations (32) is obtained using MATLAB. The converter
output voltages and injected currents are shown in Fig. 5. It
can be seen that the steady state response of these quantities
are almost identical to those of Fig. 3.

Comparing the responses in Figs. 3 and 5, it can be seen
that they differ in the initial starting period. During this period,
the system is trying to reach the sliding plane. Once the sys-
tem is on this plane, the two responses are nearly identical.
This is illustrated in this above example. Once the system is
on the sliding plane, it is robust to perturbations to system
operating conditions, as will be illustrated in some of the sub-
sequent examples. Therefore the model presented can be used
for eigenvalue analysis and system response prediction.

(a) Voltage v, (kV)

Fig. 5. Output voltage and injected current for Example 2.
IV. MATHEMATICAL MODEL OF VSC PARALLEL OPERATION

The single-line diagram when two VSC operate in parallel
is shown in Fig. 6. In this, the PCC is connected to an infinite
bus with a voltage of v,. A load, with an impedance of R; +
jal is connected to the PCC. The load current is denoted by
i;. The system parameters and quantities of the two VSCs are
denoted by subscripts 1 and 2.

The state equations of the VSCs can be written in the form
(32) as

Vi = Ay + BuX,eripg + CitVpno (33)

Vio =Apyin + §[2xr¢f2DQ +CiVppo (34)
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Fig. 6. Single-line diagram of parallel operation of two VSCs.

The state equations of the VSCs can be written in the form
(32) as

(33)
(34)

Y =4nYi +ByX,eripg + CaVppo
Vi = Ao + BinX,erapo T CiaVpno

Furthermore, the load current in D-Q component is given as
i irp R /L, @ irp
dt|irg -0 -R /L |

+ l/LL 0 VPD
0 1/L, | vep

Therefore defining a composite state vector as

(35)

x; =[)’£ Yh ip iLQ]

we can combine (33)-(35) to form the overall state space equa-
tion of the system.

Example 3: Let us consider the system shown in Fig. 6.
Both the VSCs have the same parameters and the PCC voltage
the same as discussed in Examples 1 and 2. The load resis-
tance is 48.2 Q and the inductance is 0.3 H. At the beginning,
the following are assumed

11
—=|£30°kVandV,,,,, =|—=

5 5

This implies that Py, and Q,., are the same as those given in
Example 2, while P,.., = 526.9 kW and Q,,,; = 92.9 kVAr.
With the system operating in steady state with these values,
the reference for VSC-2 is suddenly changed at 0.05 s. The
peak of the voltage is reduced to 95% of the nominal value,
while its phase angle is changed to 30°. The reference powers
are Py = 731.79 kW and 0,y = 122.9 kVAr. The system
responses for VSC-2 are shown in Figs. 7 and 8, where the
solid lines depict the MATLAB time domain results with the
deduced model and the dotted lines depict the PSCAD out-
puts. In Fig. 7, the converter output voltages (v,,) are shown. It
can be seen that the PSCAD results are almost identical to
those of MATLAB. For the injected currents (ip), the differ-
ence between the PSCAD simulation results and the predicted
behaviors using MATLAB of are also very small.

11

Vitrer = £20°kV
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Fig. 7. Simulated and predicted output voltages of VSC-2.
V. MATHEMATICAL MODEL FOR AUTONOMOUS OPERATION

Let us now assume that the PCC is a floating source, i.e.,
the voltage source v, in Fig. 6 is absent and the two converters
operate in parallel to share the load through droop characteris-
tics. We shall use an angle droop based on the active power
and a voltage magnitude droop based on reactive power [6].

o= 5mted —mX (Pe - Prated )
ch = ch—rated —nX (Qe - Qrated )

where V,.aeq and 0,44 are the rated voltage magnitude and
angle respectively of a VSC when it is supplying the load to
its rated power levels of P, .. and Q,yzeq-

Calculating real and reactive power from instantaneous
measurements can often lead to ripple in these quantities that
will cause ripple in the converter references. To avoid this, the
real and reactive power are passed through low pass filters
before they are used in the droop equations. These low pass
filters are described in frequency domain as

o (37

(36)

a)C
s+,

a)C
s+,

R=—2p 0=

where P and Q are instantaneous measured values and P, and
Q. are their respective filtered outputs. We now substitute
these values and dand V,, in (26), (27) and (30).

Since the PCC is not connected to an infinite bus, we have
to eliminate the vector v,py from the state equation. From
(35), we can write

Voo |y AN =R @ s
veo | dt|ig| Y| - -Ry/L, i

Again, using Kirchoff’s current law (KCL) at PCC, we get
iLD :l‘le +if2D and lLQ :lle +lf2Q (39)

Let us now define a new set of state vectors that contain only
the state equations of the two converters. This is given by

e I

We can then express (38) in terms of the above state vector
and its derivative as

v
PP\ = dpx, + Bpx, (40)

where the matrices 4, and B, both have dimensions (2x8) and
are computed from (38) and (39). From (33), (34) and (40),
the model for the autonomous operation of the two VSCs is
derived as

A4, 0
xc — |: il i><4:|xc
Oges 4 (41)
B, 0 C,
{ n ixﬂxc,eﬂ)g ; {91 }(APXC +Bpx,)
04><6 Bi2 Ci2

The above equation can be regrouped to form the state space
equations for the autonomous operation of the VSCs as

(42)
Oix“ + E“ By
A[Z CiZ

Example 4: Let us consider the same system discussed in
Example 3, except the voltage source v,,, is removed. Also the
filter inductance of VSC-2 is chosen as 0.3125 H for desired
power sharing. The droop coefficients from (36) are chosen as

m; =0.1rad/MW and m, =0.125 rad/ MW
n; =0.01kV/MVArand n, =0.0125kV/MVAr

xc = Acxc + chcrejDQ

where

C. 4,
E=1I4— {gl }AP , A, = E‘ﬂo il
i2 4x4

B :E_1|: Bil OiX6:|
O4><6

The cutoff frequency for the low pass filters are chosen as @.
= 31.4 rad/s. With the system operating in steady state with a
load resistance is of 48.2 Q and the inductance of 0.3 H, the
load impedance is halved at 0.1 s. The results are shown in
Figs. 8 to 10. In all these figures, the MATLAB time domain
results based on the model (42) and PSCAD simulation results
are shown in sub-figures (a) and (b) and the errors between
them are shown in (c). In Fig. 8, the output voltage for phase-a
of VSC-2 is shown. It can be seen that the maximum error
between the MATLAB prediction and PSCAD simulation are
less than 30 V, while the peak of the phase voltage is nearly 9
kV. This implies that the error is less than 0.33%. The error in
the converter output (injected) current is less than 0.2 A
(0.4%). The output powers of the two converters are shown in
Fig. 9. The errors are less than 0.5%. From the reactive power
plot shown in Fig. 10, it can be seen that the errors are less
than 0.1 %. Therefore the prediction is fairly accurate.

VI. SMALL SIGNAL MODEL FOR EIGEN ANALYSIS

Since the system response obtained by the mathematical
model closely matches that of the PSCAD simulation, the
VSC model developed in the previous sections can be used to
find an autonomous small signal model of the system dis-
cussed in the previous section. To facilitate this, we must
eliminate the reference vector from (42).
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Fig. 8. VSC-2 output voltage of phase-a and its error.
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Fig. 9. Output active power of the converters and their error.
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Fig. 10. Output reactive power of the converters and their error.

From (37), (28) and (29), we can write
- 3w, ( . . )

]Je - _wcPe +T Vedl fd + Vegl sy
: 3w, (. )

Qe = _che +T (chlfd Vel fy )

Linearization of the above equations yield

: 3 S S
APe = _a)CAPe +TC (VCdOAlfd + ldeAde + chOAlfq + lfququ)

. 3w, . . ; ;
AQ, =-0,AQ, +Tc(ch0mfd 1008V ~VeaoDigy = i g0AV,)

(44)
where the suffix A defines a perturbed quantity and subscript 0
signifies the nominal values. Defining a vector of active and
reactive powers as

Xpg = [Pel Ou Fn» Qez]T
equation (44) can be written as
Aty = Apy A,y + B Ax, (45)
where 4,, = diag(-@ -@. —@. —a.) and B,, can be derived
from (44). We now replace the reference quantities by AP, and

AQ.,. To do that, we first linearize the droop equations (36) to
obtain

AS =-mXAP,
AV, =—nxAQ,

cm

Then from (26) and (31) we get

VeDref || €086 —sind || 0
Veoref “|sind  cosd || -V,

Linearizing the above equation and substituting (46), we get

AVeprer | | —mV,,,c086, —nsind, | AP, @7
AV orer | =mV,,,sind, ncosd, | AQ,

In a similar way, we find the references for the capacitor cur-
rent are given as

Aieprer | | Aisingy,  —A,co86 || AP, 48)
Al oy | =Acosd, —A,sind, || AQ,

(46)

where Ay = mawCsV.,0 and A, = naCy. Finally replacing P,,rand
Qs by P, and Q, respectively in (30), we get the linearized
expressions for the injected currents as

{AifDref}:L{ﬁn ﬂ12:||:AR::| (49)
AZ/Q’ef chO 1621 ﬂ22 AQ@

where

By =—(2/3)(mQ,, sin &, + mP,, cos &, —sin &, )

(2/3)

=—(2/3)cos &) +ni

By, =—(2/3)(mP, sin 8, + cos 8, —mQ,, cos 5 )

1, =—(2/3)sin 8 +ni gy

We can then write the reference vector in (42) as

Axcre_/‘DQ = Mchpq (50)

where the elements of M, are obtained from (47)-(49). Com-
bing (42), (45) and (50), we get a homogeneous state space
description of the complete system as



At, ][4, BM,T Ax, h
MP‘] qu AP‘I Aqu

This homogenous model will be used for eigenvalue analysis.

Example 5: Let us consider the system discussed in Exam-
ple 4. For eigenvalue analysis we vary a parameter m from
0.01x107° rad/W to 1.8x10°° rad/W. Furthermore we choose
the angle droop gains as m; = m and m, = 1.25xm. The plots of
the dominant eigenvalues are shown in Fig. 13. The dominant
eigenvalues cross imaginary axis at m = 1.49022x10™° rad/W,
which is pointed out in this figure. Also the oscillation fre-
quency of the dominant eigenvalues is roughly 314 rad/s (50
Hz). From eigenvectors it has been determined that these ei-
genvalues are associated with real and reactive power supplied
by the VSCs.

Eigenvalue trajectory as m varies
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Fig. 13. Eigenvalues plots from stability analysis.

(a) VSC-2 Output Power (kW) - Damped Oscillation
123 . T T i !

122+ “,, 1

121

0 0.1 02 0.3 04 0.5 0.6 07
123 (b) VSC-2 Output Power (kW) - Undamped Oscillation

122J/\’MW

121

0 0.1 02 0.3 04 0.5 0.6 07
(c) VSC-2 Output Power (kW) - Unstable Operation

130
125+
120+
1150 0.1 02 0.3 0.4 0.5 0.6 0.7

Time (s)

Fig. 14. VSC-2 output power showing stable, undamped and unstable

To validate the eigenvalue results, PSCAD simulations stu-
dies are carried out for the same system. With the system op-
erating at steady state with the nominal values of droop gains
given in example, the value of m is changed suddenly at 0.1 s.
Fig. 14 shows the plots of the real power output of VSC-2 for
three different values of m. Fig. 14 (a) shows a damped oscil-
lation for m = 1.3x107® rad/W, for which all the eigenvalues
are in the left half s-plane. Fig. 14 (b) shows sustained oscilla-
tion for m = 1.49022x10°® rad/W, for which the dominant ei-
genvalues are on the imaginary axis. The unstable case for
which the dominant eigenvalues are on the right half s-plane
are shown in Fig. 14 (c) for m = 1.8x107° rad/W. Also notice

that there are five peaks and five troughs in each 0.1 s, indicat-
ing that the oscillation frequency is 50 Hz. This fundamental
frequency oscillation is also predicted by the eigenvalues.

VII. CONCLUSIONS

This paper develops a method for linear analysis of hyste-
retic controlled state feedback converters operating in power
systems. One of the features of the proposed analysis is that
state order is lower than those required for PWM converters.
The process of analysis is illustrated using two VSCs that are
connected at a bus. There is risk of oscillations of filter states
the converters when they are connected at close proximity
(e.g. in a microgrid). The robustness of the LQR based hyste-
retic design is able to be clearly shown using the eigen-
analysis tool developed in this paper. The analysis process can
be easily extended to include multiple converters, both hyster-
ic and PWM controlled, that are connected to multiple buses
of a power system.
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